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Abstract
In earlier work we have studied the expected number of distinct sites (ENDS)
visited by N random walkers in time t on a translationally invariant lattice.
Optical applications suggest the interest in analysing the same problem for a
semi-infinite lattice in three dimensions bounded by a plane of absorbing sites.
We here study this problem, showing a multiplicity of time regimes, and at the
longest times showing that the ENDS is proportional to N

√
t where t is the

time. In the absence of a boundary the comparable result is proportional to Nt.
Thus, the boundary effect eliminates approximately

√
t random walks.

PACS number: 05.40.Fb

1. Introduction

Many properties of lattice random walks have been studied since the pioneering initial
investigation by Polyá [1]. The overwhelming majority of these use the assumption that
the random walk takes place in a translationally invariant space [2, 3]. However, there are
applications which involve boundaries whose effects cannot be neglected. An example of
such a system arises in analysing optical techniques applied in a biomedical setting [4–6], the
analysis being based on the theory of lattice random walks [7, 8]. This theory has proved to be
useful in reducing optical data from experiments [4–6]. In such experiments tissue is irradiated
by a laser beam, and either the reflected or the transmitted light is used for diagnostic purposes
based on optical parameters of the tissue. The main feature of optical measurements is that
they are non-invasive. Therefore, the information is embodied in the variations of the light
intensity at the boundary. Accordingly, the interface or boundary is an important component
of the physical system.

We have recently calculated the expected volume visited by N identical Wiener sausages
in the presence of a planar absorbing boundary [9], thus generalizing an analysis of the
volume generated by a single Wiener sausage moving in an unbounded space [12]. The lattice
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analogue to this system is the expected number of distinct sites visited by N lattice random
walks in time t on an unbounded lattice [11]. This function will be termed the ENDS. The
ENDS visited by a single random walker, in time t, in the presence of an absorbing boundary,
has been suggested as a measure of the region visited by photons in measurements of optical
parameters [10].

In this paper we evaluate the ENDS visited by N random walkers in the presence of an
absorbing boundary in one and three dimensions as a function of time, for N large. The analysis
in these cases will be seen to be similar to that for N Wiener sausages whose centres diffuse in
a continuum. Although the time-dependent behaviour both in the lattice and continuum cases
will be seen to have the same mathematical structure, there seems to be no unique prescription
for extending the continuum results to those for a lattice. The new feature in the present
paper is a study of the competition between the increase in the ENDS visited by the N random
walkers and the decrease in the number of random walkers due to the absorbing boundary.

2. One dimension

In one dimension, due to the simple geometry, the ENDS is essentially equal to the span of the
diffusion process. The formalism for this is quite similar to that used to analyse the expected
volume generated by N Wiener sausages, as in [9]. Let 〈LN(t |x0)〉 be the ENDS at time t for
a random walker initially at x0. Then, at the very earliest times, this function is proportional
to t since no sites have been visited earlier. In the remaining time regimes we have

〈LN(t |x0)〉 ≈




(4/e)
√

2πDt ln N
√

Dt � x0

[4Dt ln(Nx0/
√

4Dt)]1/2 x0 � √
Dt � Nx0

Nx0 ln
(√

4Dt
Nx0

)
Nx0 � √

Dt.

(2.1)

The result in the regime
√

Dt � x0 has the same dependence on N and t as given in [10]
because in that time span the random walkers have not had time to reach the absorbing point.
At the very longest times 〈LN(t |x0)〉 is dramatically slowed, increasing only logarithmically
as a function of time because of the depletion of random walkers at the absorbing point.

3. Three dimensions

We will see that the mathematical development in three dimensions is closely related to that
used in [9]. To define the coordinates we assume that the random walk is performed in a half
space defined by −∞ � x, y � ∞ and 0 � z � ∞, the plane z = 0 being an absorbing
boundary. The function required, the ENDS at time t, is then denoted by 〈LN(t |r0)〉 where
r0 is the initial position for all of the N random walkers. By convention the initial position is
taken equal to r0 = (0, 0, z0).

Let �(r; t |r0) be the probability that r has not been visited by time t. The definitions in
the previous paragraph allow us to express 〈LN(t |r0)〉 as

〈LN(t |r0)〉 =
∞∑

z=0

∞∑
x,y=−∞

[1 − �N(r; t |r0)] ≈
∫ ∞

0
dz

∫ ∫ ∞

−∞
[1 − �N(r; t |r0)] dx dy (3.1)

where we have passed to the continuum limit to replace the sum by a more convenient
integral representation. This is consistent with our later use of the Gaussian approximation
to the propagator. We follow the analysis in [10] by defining a generating function with
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respect to N:

L̂(ε; t |r0) =
∞∑

N=0

〈LN(t |r0)〉(1 − ε)N

≈ 1

ε

∫ ∞

0
dz

∫ ∫ ∞

−∞

[
1 − �(r; t |r0)

1 − �(r; t |r0) + ε�(r; t |r0)

]
dx dy

= 1

ε

∫ ∞

0
dz

∫ ∫ ∞

−∞

�(r; t |r0)

ε + �(r; t |r0)
dx dy = 1

ε
I (ε, t) (3.2)

in which

�(r; t |r0) = 1 − �(r; t |r0)

�(r; t |r0)
. (3.3)

In equation (3.2) I (ε, t) is seen to be a three-dimensional integral. Later we will show that
because of radial symmetry in any (x, y) plane it can be reduced to a one-dimensional integral.

It is clear, from the second line in equation (3.2), that in the limit ε → 0, both I (ε, t) and
the multiplicative factor (1/ε) diverge. By the application of a Tauberian theorem [13], it can
be shown that an expansion of L̂(ε; t |r0) around ε = 0 furnishes information about the large-N
behaviour of 〈LN(t |r0)〉. Hence we investigate the behaviour of I (ε, t) in the neighbourhood
of the singularity. This is determined by the behaviour of the integral at large r, in which limit
�(r; t |r0) goes to 0. In this limit �(r; t |r0) ≈ 1 allowing us to approximate �(r; t |r0) by

�(r; t |r0) ≈ 1 − �(r; t |r0) (3.4)

which is the form to be used in our later analysis.
Let the propagator, the probability that a single random walker is at r at time t, be denoted

by p(r;t |r0), let its Laplace transform be denoted by p̂(r; s|r0), where s is the transform
parameter and let f (r;t |r0) be the probability density for the first-passage time to r, its
transform being denoted by f̂ (r; s|r0). The function �(r; t |r0) is related to f (r; t |r0) by

�(r, t |r0) = 1 −
∫ t

0
f (r, τ |r0) dτ (3.5)

so that the transform �̂(r;s|r0) is

�̂(r;s|r0) = 1

s
[1 − f̂ (r; s|r0)] = 1

s

[
1 − p̂(r; s|r0)

p̂(r;s|r)
]

. (3.6)

In writing the last relation on the right-hand side we have made use of a standard relation in
random walk theory which expresses the generating function for first-passage times in terms
of that for the propagators [2, 3]. The last equation is quite difficult to work with because r
appears both in the numerator and denominator. Fortunately, to a good approximation, the
denominator equation (3.6) can be simplified.

In expressing the propagator and accounting for the presence of the absorbing plane
we will write the propagator in terms of the propagator in free space, which we denote by
p(F)(r; t |r0). It follows that:

p(r; t |r) = p(F)(0, 0, 0; t |0)−p(F)(0, 0, 2z; t |0). (3.7)

When z gets large the first term in this relation is much greater than the second. Hence, to
a good approximation, the second term in the last equation can be dropped. The validity of
this approximation has been checked by simulations. In consequence, the spatial dependence
disappears in the denominator of equation (3.6). This, in effect, linearizes the �̂(r;s|r0) as a
function of r. This can be shown in detail for a nearest-neighbour CTRW model on a simple
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cubic lattice in which the pausing time density is a negative exponential, ψ(t) = e−t , and for
which the propagator is known to be [2],

p(F)(r, t |r0) = e−t Ix−x0

(
t

3

)
Iy−y0

(
t

3

)
Iz−z0

(
t

3

)
. (3.8)

The relations cited in equations (3.1)–(3.6), except for the use of a continuum
approximation, are all exact. We derive approximations to the large-t, large-N limits of
the integral representation in equation (3.1). In the large-t limit we can invoke the central limit
theorem to approximate to the propagator:

p(r, t |r0) ≈
(

3

2πt

)3/2

exp

(
−3ρ2

2t

)[
exp

(
−3(z − z0)

2

2t

)
− exp

(
−3(z + z0)

2

2t

)]
(3.9)

where ρ2 = x2 + y2. The method of images allows the assertion that in three dimensions
�(r; t |r0) takes the form

�(r; t |r0) = erfc
(√ 3[ρ2 + (z−z0)

2]
2t

)
√

ρ2 + (z − z0)2
− erfc

(√ 3[ρ2 + (z−z0)
2]

2t

)
√

ρ2 + (z + z0)2
(3.10)

which shows explicitly that �(r; t |r0) is radially symmetric in any x, y plane. Because of this
symmetry the integral with respect to x and y can, to a good approximation, be reduced to a
single integral.

In the large-t limit further simplification of equation (3.10) is possible. To effect this
simplification we change variables in equation (3.2) by defining ρ = α

√
t, z = β

√
t . This

transforms the expression for �(r; t |r0) to

�(r; t |r0) = 1√
t




erfc
(√

3
2

[
α2 +

(
β − z0√

t

)2])
√

α2 +
(
β − z0√

t

)2
−

erfc
(√

3
2

[
α2 +

(
β + z0√

t

)2])
√

α2 +
(
β + z0√

t

)2


 . (3.11)

In the limit t � z2
0 �(r; t |r0) will be approximated by expanding it in powers of z0/

√
t ,

retaining only the lowest order term. This can be found by differentiating equation (3.11) with
respect to t and integrating the result. This procedure leads to

�(r; t |r0) ≈ 2z0β

t




√
6

π

exp
(− 3(α2 + β2)

2

)
α2 + β2

+
erfc

(√ 3(α2 + β2)

2

)
(α2 + β2)3/2


 t → ∞ (3.12)

in which the time and space variables decouple.
One also sees that the bracketed terms in equation (3.12) depend only on the radial

coordinate ρ = (α2 + β2)1/2, i.e. �(r; t |r0) can be expressed as (2z0β/t)V (ρ) so that

I (ε, t) ≈ 2z0t
3/2

∫ ∞

0
dβ

∫ ∞

0

V (ρ)

2z0βV (ρ) + εt
α dα (3.13)

where V (ρ) is, according to equation (3.12),

V (ρ) =
√

6

π

exp
(− 3ρ2

2

)
ρ2

+
erfc

(
ρ

√
3
2

)
ρ3

. (3.14)

Since the ranges of α and β are both (0,∞) we can introduce polar coordinates by writing
α = ρ cos θ and β = ρ sin θ . The integral over θ can be evaluated exactly. In this way the
double integral in equation (3.13) reduces to the single integral

I (ε, t) ≈ t3/2
∫ ∞

0
ρ2

[
1 − εt

2z0ρF(ρ)
ln

{
1 +

2z0ρF(ρ)

εt

}]
dρ. (3.15)
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The parameter ε that appears in equation (3.2) is small. It will be treated as a Laplace
transform parameter. In light of this observation we may eliminate ε by inverting the transform
using the result

L−1

{
ln

[
1 +

2z0ρV (ρ)

εt

]}
= 1

N

[
1 − exp

(
−2z0ρV (ρ)N

t

)]
(3.16)

which immediately leads to an integral representation for 〈LN(t |r0)〉 having the form

〈LN(t |r0)〉 ≈ t3/2
∫ ∞

0
ρ2

[
1 − t

2z0ρV (ρ)N

{
1 − exp

(
−2z0ρV (ρ)N

t

)}]
dρ. (3.17)

We write this relation as 〈LN(t |r0)〉 ≈ t3/2I (ξ) where I (ξ) is the integral on the right-hand
side of equation (3.17) and ξ is the combination ξ = t/(2z0N). Properties of this integral
have been derived in [9] so that we need only translate the results so as to apply to the present
problem.

To do so, we define ρ∗ to be the solution to the equation

ρ∗V (ρ∗) = ξ (3.18)

where V (ρ) is defined in equation (3.14). It is shown in [9] that I (ξ) is, to a good
approximation,

I (ξ) ≈ (ρ∗)3

3
+

1

2ξ

∫ ∞

ρ∗
γ 3V (γ ) dγ. (3.19)

Properties of the solution to equation (3.18) have been derived in [9] and yield the following
results for z0 � N

〈LN(t |r0)〉 ≈



[t ln(N/
√

t)]3/2 z2
0 � t

[t ln(z0N/t)]3/2 z0N � t � z2
0

z0N
√

t t � z0N

(3.20)

so that, at the longest times, the effect of the absorbing boundary appears in the final time
regime. It changes the proportionality to t, which characterizes the three-dimensional random
walk in the absence of boundaries, to proportionality to t1/2. On the other hand, when N is
large and z0 � N so that the initial position is far from the absorbing plane we have

〈LN(t |r0)〉 ≈



[t ln(2N/
√

t)]3/2 N2 � t

Nt z2
0 � t � N2.

z0N
√

t t � 4z2
0

(3.21)

At the very longest times the results in both cases, equations (3.20) and (3.21), coincide as
physical intuition would dictate. The coefficients required in the last two equations can be
calculated.

It has been shown that in a three-dimensional translational invariant space the variance
of the ENDS for a single random walk is asymptotically proportional to t ln t. Preliminary
simulations suggest that this remains true when there are N random walks in the presence of
the absorbing boundary. No results are yet available for the distribution in this case, which is
known to be Gaussian for a single random walk in an unbounded space [14, 15].

Equations (2.1), (3.20) and (3.21) indicate the existence of three scaling regimes, similar
to the situation on an unbounded lattice [10]. This is attributable to the initial condition
which sets all of the random walkers at a single site. If there are several such sites we can
anticipate that there could be more such regimes in time, depending on the relation between
different initial positions and numbers of the random walkers and their relation to the absorbing
boundary.
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